It is well-known that the process of optical parametric amplification (OPA) can be sensitive to the phases of the incident waves. In OPA realized by three-wave mixing, injection of all three waves into the same mode with appropriate phase relationship results in amplification of the signal phase, with an associated deamplification of the signal energy. Prospects for the use of this technique in the temporal domain for shaping ultrashort laser pulses are analyzed using a numerical model. Several representative pulse shaping capabilities of this technique are identified, which can significantly augment the performance of common passive pulse shaping methods operating in the Fourier domain. It is found that the use of phase-sensitive OPA shows a potential for significant compression of ∼ 100 fs pulses, steepening of the rise time of ultrashort pulses, and production of pulse doublets and pulse trains. It is also shown that the group velocity mismatch can assist the shaping process. Such pulse shaping capabilities are found to be within reach of this technique in common nonlinear optical crystals pumped by pulses available from compact femtosecond chirped-pulse amplification laser systems.
Introduction
With the advent of ultrashort laser pulses and their use in diverse fields such as communications, coherent control of chemical reactions, materials processing, and intense laser-matter interactions, pulse shaping has emerged as an important technique frequently integral to ultrafast applications. Pulse shaping has been used to tailor laser-matter interactions to deliver enhancements of the phenomena induced by ultrafast laser pulses. Ultrafast shaping methods demonstrated and extensively used to date are usually passive and based on the manipulation of the Fourier (spectral) domain [1] , circumventing the cumbersome or unfeasible direct manipulation of the ultrafast temporal field. Various technologies for ultrafast pulse shaping have been developed, including programmable spatial light modulators [2] , acousto-optic modulators [3] , and acousto-optic programmable dispersive filters [4] [5] [6] .
While the passive Fourier-domain pulse shaping method has been very successful to date in producing diverse pulse shapes required by applications, it exhibits several limitations originating from the fact that it can be considered to be an optical filter. Its principal limitation is the incapability to produce pulses with temporal features shorter than that determined by the spectral content of the original pulse. Passive pulse shaping in the Fourier domain is limited to the selective removal or relative phase adjustment of the pre-existing frequency components. This limitation can be overcome by using nonlinear pulse shaping methods which can coherently extend the frequency content of the pulse. Previously demonstrated nonlinear techniques exhibiting such capabilities include the self-phase modulation (SPM) [7, 8] , phase-sensitive four-wave mixing [9] , and cascaded second-order nonlinearities [10, 11] . Such nonlinear pulse shaping techniques can compress optical pulses [12, 13] and generate pulses with steep temporal features [14, 15] . Fourier representations of such pulses contain high frequencies that cannot be generated by passive Fourier domain devices. Fig. 1 . Qualitative representation of the effect of temporal phase amplification on the phase of the signal/idler wave (red), shown in degenerate OPA with temporally varying pump (blue). The amplified quantity is the departure (Δφ ) of the phase difference between the signal/idler and the pump wave from the ideal power deamplification condition. The phase of the signal/idler wave is advanced or retarded at a rate dependent on the pump intensity and the original departure from the ideal power deamplification condition, with effective gain factor g 0 .
In this paper, a novel method for nonlinear pulse shaping is proposed and analyzed, which directly shapes the temporal electric field amplitude and phase using the process of phasesensitive three-wave mixing (PSTWM). PSTWM is known to produce squeezed states of electromagnetic field [16] and is typically used in the photon number amplification mode to amplify a signal without imparting additional noise [17] . An unconventional and previously unutilized mode of operation of PSTWM in the temporal domain is discussed here for the first time to the best of our knowledge. When PSTWM is operated in photon number deamplification mode, direct shaping of the electric field can be realized through the process of phase amplification (Fig. 1) . If the small-signal deamplification gain coefficient is denoted by g 0 : E exp(iϕ) → E/ √ g 0 exp(ig 0 ϕ) [18] , where E is the amplitude of the electric field inci-dent onto PSTWM, and ϕ corresponds to the departure of phase relationship among the pump, signal, and idler waves from the ideal deamplification condition at the input of PSTWM:
where φ 1 (0), φ 2 (0), and φ 3 (0) are the input phases of the signal, idler, and pump, respectively. Since this phase amplification effect is also intensity-dependent, it results in amplitude-to-phase encoding through the temporally varying gain coefficient g 0 , and this aspect of the process is similar to SPM. However, the PSTWM can also broaden the spectral content of the pulse (Fig. 2) , even in the case of flat pulse temporal profiles. This is possible when there is a Fig. 2 . Conceptual schematic of temporal phase amplification and its effect on pulse bandwidth: φ in and φ out are the incident and the amplified phase, and Δω in and Δω out are the incident and amplified width of the frequency spectrum, respectively. Phase amplification steepens the change of temporal phase, effectively adding spectral bandwidth to the pulse.
temporally varying phase difference among the signal, idler, and pump waves, resulting in a temporally varying departure from the ideal deamplification condition [Eq. (1)]. PSTWM is essentially a phase-sensitive cross-phase modulation process relying on χ (2) nonlinearities instead of the usual χ (3) nonlinearities. Unlike the previously demonstrated χ (2) compression technique which uses phase-mismatched second-harmonic generation [12] , our approach uses phase-matched PSTWM and is sensitive to both pulse energy and relative phase among waves. It is shown that the temporal phase amplification using PSTWM provides strong and controllable phase modulation, which can be exploited to directly generate useful pulse shape modifications, such as pulse compression, pulse steepening, pulse doublets, and pulse trains.
Numerical model for a plane-wave phase-sensitive OPA
A numerical model has been developed to study the effect of PSTWM on shaping ultrashort laser pulses by augmenting the previously developed model for phase amplification in the spatial domain [19] . In this study, the following assumptions and simplifications are made: (1) the mixing process is degenerate and collinear, i.e. signal and idler waves are identical, (2) the three mixing waves exist in a single spatial mode, but are longitudinally multimode, (3) the three waves experience no diffraction in the mixing process (plane waves), and (4) the nonlinear medium is lossless. The model uses standard coupled differential equations with the slowly varying envelope approximation for three-wave mixing [20] , which are further simplified to coupled wave equations for second-harmonic generation since a degenerate collinear system is considered:
where A 1,2 are the complex field amplitudes of the signal/idler (hereafter referred to as the signal) and pump waves, respectively, d e f f is the effective nonlinearity, ω i is the angular frequency, k i is the wave vector, Δk is the wave vector mismatch, and c is the speed of light in vacuum. The longitudinal coordinate is denoted by z. To address the important temporal characteristics of this process, the complex amplitude of the signal and pump pulses A i are represented in the time and frequency domain:
, including the corresponding amplitude and phase. While the coupled differential equations for the three fields are expressed and integrated in the time domain, it is also necessary to include dispersion, which is easily represented in the spectral domain. Dispersion is included in the model using the usual split-step approach [21] , by transforming the fields into the spectral domain after each step of numerical integration in the time domain. The spectral phase applied to the three fields at each step is
where ω is the angular frequency, and n(ω) is the refractive index for the corresponding spectral component ω of wave A i . SPM is included in the model by applying the temporally-dependent phase to each wave
where n NL 2 is the Kerr nonlinear refractive index, I i (t) is the instantaneous intensity at time t, and ω i is the center frequency of wave A i . The traveling frame of reference for the calculation is established in reference to the signal wave A 1 by applying the linear phase after each split step:
where n 1 (ω 1 ) is the refractive index for the signal wave at the signal center frequency ω 1 . The model is solved by numerical integration in the time domain with a typical step size of dz = 0.1μm. For this study, beta-barium borate (BBO) crystal is chosen, which is known for its multiple favorable material and nonlinear properties. The incident signal beam is centered at 800 nm, while the pump is centered at 400 nm. All incident pulses are assumed to have a Gaussian spectral profile. Further, the spectral bandwidth of the three waves is chosen such that their initial transform-limited pulse duration is 100 fs. Phase matching is achieved by orienting the crystal at 29.2 • from its principal axis, and the phase-sensitive deamplification condition is established by setting the initial temporal phase relationship among the three waves to φ 2 (0) − φ 1 (0) = π/4 at the peak of two pulses. It should be noted that, in principle, PSTWM can also be carried out in a nondegenerate configuration, but this study was initially restricted to the degenerate case for its simplicity and the relative ease of future experimental demonstration.
Temporal phase amplification without dispersion and self-phase modulation effects
In order to elucidate the principal properties of the PSTWM process resulting in temporal phase amplification, it is initially assumed that no dispersion is present and that no SPM occurs in the process. This restricts the analysis to the isolated effect of PSTWM on the temporal structure of ultrashort pulses, including the effect of phase and amplitude variation. Two characteristic examples of temporal phase amplification are considered at this point and are shown in Fig.  3 . The relative phase between the incident signal and pump waves is set such that the ideal deamplification condition is satisfied at the pulse center. The input temporal phase is varied by adjusting the signal phase, while keeping the pump phase constant. In the first example, which we refer to as the quadratic case, the incident signal has a small quadratic temporal phase (chirp) with a corresponding group delay dispersion (GDD) of φ (2) = −2091 fs 2 . In the second example, which we refer to as the linear case, the incident signal has small residual linear phase corresponding to the frequency shift Δω = 1.47 THz. The quadratic phase and the linear phase provide a variation in the initial phase of the signal in time, allowing for amplification of the departure of the signal phase from the ideal power deamplification condition. In both cases, the incident intensities are taken to be 5 GW/cm 2 for both input waves, and the length of the BBO crystal is chosen to be 2 mm. Results of the calculation with the dispersion and SPM turned off are shown in Fig. 3 . In the quadratic case [ Fig. 3(a) (Media 1)] , temporal phase amplification and the corresponding power deamplification for the signal are clearly present. For small phase gains, the phase gain is approximately the inverse of the power deamplification gain, which indicates that in this instance PSTWM behaves similar to a single-mode quantum phase amplifier [18] . The temporal phase amplification is interpreted as the temporally varying addition (subtraction) of the electric field with phase determined by the relative phase difference between the signal and idler at that temporal point. The amplified temporal phase contributes to the additional bandwidth in the output signal. This broadening of the pulse spectral content is similar to that produced by SPM, with the difference being that the temporal phase amplification is the result of a nonlinear process governed by second-order nonlinearity χ (2) rather than the third order nonlinearity χ (3) . The spectral broadening indicates a potential for production of shorter pulses by this method when the appropriate residual phase compensation is applied. If the phase com- pensation is not applied, the output pulse is deeply modulated at its center as a result of more efficient power deamplification process at the pulse center. In the linear case, a similar result is obtained [ Fig. 3(c) and 3(d) ]. A spectral phase jump can occur in the process, as can be seen in Fig. 3(d) . This is because the field at the time or frequency where the jump occurs is fully depleted. In both cases, if the additional phase compensation is applied, production of shorter pulses can be achieved. Since dispersion and SPM are neglected here, the signal and the pump are perfectly overlapped in time during the nonlinear interaction and no additional third-order phase is applied. Thus the results presented in Fig. 3 can only be considered reasonably accurate for short crystals in which the effects of group velocity dispersion are negligible and the total accumulated nonlinear phase due to the Kerr effect (B-integral) is low.
Direct pulse compression and self-steepening
Accurate modeling of PSTWM must include the dispersion and SPM. In the following calculations the dispersion is explicitly included by advancing the phase of the signal and pump frequency component in each step of numeric integration. Similarly, SPM is included and applied in the temporal domain. A common known effect of the group velocity mismatch (GVM) in conjunction with three-wave interactions is the reduction of the effective interaction length, the corresponding efficiency, and lengthening of pulse duration. For example, GVM has been pointed out as an obstacle for χ (2) -based compressors for generation of few-cycle pulses [22, 23] . In contrast to those prior findings, it is demonstrated here that in the case of PSTWM, GVM can play a constructive role and enable direct pulse compression or pulse steep- ening without the need for subsequent compensation of the residual phase.
The case of direct pulse compression by the use of PSTWM is discussed first. In this calculation we choose the crystal length of 265 μm and peak intensities of 1.6 TW/cm 2 for the incident signal pulse and 0.8 TW/cm 2 for the pump pulse. The chosen incident GDD is quadratic, with φ (2) = −401 fs 2 , and we first exclude the effect of SPM by setting n NL 2 = 0. Results of this analysis are shown in Fig. 4 .
The slightly chirped signal pulse of ∼ 100 fs pulse duration is compressed to 6 fs after PSTWM. Pulse compression process [ Fig. 4(d) (Media 3) ] is achieved as the signal temporally drifts away from the pump due to the difference in group velocity for signal and pump wavelength. The leading edge of the signal is first depleted, and then the trailing edge of the pulse is depleted. Compression is the aggregate effect of the interplay of three processes. Firstly, temporal phase amplification generates additional bandwidth. Secondly, phase sensitivity of the process results in temporally varying rates of frequency conversion with characteristic length shorter than the pulse durations of driving pulses. Finally, the GVM assists the compression by drifting the pulse envelope and modulating the rate of phase amplification. With a thinner crystal length of 120 μm and a higher intensity of 4 TW/cm 2 for all three waves, which approaches the damage threshold of BBO, it is predicted that a significant pulse compression can be achieved, possibly approaching the single-cycle regime. Further exploration of the parameter space reveals a potential for achieving compressed pulse durations near 6 fs in BBO with the input intensity > 0.2 TW/cm 2 by varying crystal length between 100 μm and 500 μm. We note that the model used in this analysis relies on the usual slowly varying envelope approximation, which is inappropriate for pulse durations approaching a single cycle. Thus while the present analysis predicts significant pulse compression potential, a more refined model will be needed to address the true potential of this technique in the regime of near-single-cycle pulse durations. With an ideal phase compensation of the signal following PSTWM [Fig. 4(c) ] it is possible to further improve the contrast and peak power of the produced ultrashort pulse, albeit without further reduction in pulse duration.
To summarize the effect of the varying input GDD, input signal intensity, and input pump intensity on the shape of the signal, each parameter is varied individually (Fig. 5) .
It is shown that all three quantities affect the resulting signal pulse shape, which indicates that a careful control of the input parameters is needed to produce desired pulse shapes. In practice, this control amounts to the choice of the type and length of the nonlinear medium and incident pulse amplitude and phase profile. Now we turn our attention to the inclusion of SPM in the model. Even though n NL 2 is small (n NL 2 ≈ 5 × 10 −16 cm 2 /W [12] ), the resulting SPM could produce a sufficiently large perturbation to the phase-sensitive condition, thus distorting the temporal phase amplification. For example, the predicted nonlinear phase accumulation due to the Kerr effect (B-integral) associated with the intensity of 0.4 TW/cm 2 and BBO crystal length of 650 μm is ∼ 1, which can modify the phase relationship between the signal and pump in the PSTWM process. To the first order, the temporal phase amplification gain coefficient is proportional to the product of √ I and crystal length L, while the nonlinear phase due to SPM is proportional to I × L, where I is the pulse intensity. Thus the impact of SPM can be minimized by using a lower input intensity compensated by a relatively long crystal length, limited by the GVM-induced pulse walk-off. Considering that this approach to pulse compression relies on a relatively large nonlinear drive and short interaction length, a tradeoff exists between the choice of the input intensity and the crystal length. We find that by delaying the pump pulse by 45 fs and choosing an input intensity of 0.45 TW/cm 2 for the signal and 0.2 TW/cm 2 for the pump with φ (2) = −657 fs 2 for both the signal and the pump, it is predicted that the signal pulse can still be compressed from ∼ 100 fs to near 6 fs in a crystal length of 650 μm, as shown in Fig. 6 .
Similar to the SPM-free compression case, an ideal spectral phase compensation of the output signal improves the pulse contrast, but does not shorten the pulse duration [ Fig. 6(c) ]. It is also noted that while this method leads to a relatively low conversion efficiency, the recompressed pulse peak power is still somewhat greater than that of the incident pulse, despite the method of compression which involves the power deamplification as one of the mechanisms.
An additional potentially useful pulse shape can be obtained by terminating the described compression process (shortening the crystal length) before a significant compression has occurred. In the process of pulse compression driven by PSTWM and GVM, depletion of one edge of the pulse is induced for shorter interaction length, before a significant temporal walk-off of two pulse envelopes has occurred. When one edge of the signal is depleted, self-steepening occurs, as shown in Fig. 7 . The magnitude of this self-steepening can be controlled by varying the interaction length. Such self-steepening produces pulse rise times significantly shorter than the transform-limited pulse duration of the original pulse, leading to potentially beneficial applications in laser-matter interactions requiring fast pulse rise times.
Production of pulse doublets and pulse trains
Various configurations of PSTWM have been discussed, where signal or its rise time can be shaped to produce features shorter than that allowed by the initial transform-limited bandwidth. Now we turn attention to the features of the modification of the pump pulse involved in the PSTWM process. With dispersion and SPM included, it is found that femtosecond pulse doublets and closely spaced pulse trains can be produced at the pump wavelength. Pulse doublets and pulse trains have numerous practical applications. Pulse doublets could be used in applications such as collinear pump-probe studies, spectral phase interferometry for direct electric-field reconstruction (SPIDER) [24] , and coherent quantum control [25] , while pulse trains can also be applied to coherent control [26, 27] , as well as tunable THz electromagnetic wave generation [28] and quasi-phase-matching of high-harmonic generation [29] . Several methods have been demonstrated for generating pulse doublets and pulse trains, including multicrystal birefringent arrangements [30] , phase manipulation [31] , and phase-matched difference-frequency mixing [32] . In all of these methods the resulting pulse train contains pulses exhibiting pulse durations identical or longer than the transform-limited incident pulse. In contrast, PSTWM can produce pulse doublets and pulse trains where individual pulses are shorter than the duration of the original driving pulse, and with total pulse train duration on the order of the original driving pulse.
During the PSTWM process, energy is periodically converted between the signal and the pump as the signal drifts from the pump due to GVM. In Fig. 8(a) , production of a pulse doublet is demonstrated by the use of crystal length of 1 mm. In this example the initial temporal phases of the signal and the pump are both quadratic (φ (2) = −2689 fs 2 for signal and φ (2) = 2176 fs 2 for pump), and the initial signal and pump peak intensities are 100 GW/cm 2 and 10 GW/cm 2 , respectively. It can be seen that the pulse doublet produced has peak intensity about 40 GW/cm 2 . In Fig. 8(b) , the pulse train is shaped using a linear phase as previously discussed in Fig. 3(b) , with BBO crystal length of 1.2 mm and the initial signal and pump peak intensities of 1 TW/cm 2 and 1 GW/cm 2 , respectively. Here, the pulse train with peak intensity of ∼450 GW/cm 2 is produced at the pump frequency. Thus introducing the signal at high energy relative to that of the pump can result in high-energy pulse doublets and pulse trains at the pump frequency. At the fixed GDD, the relative spacing between the pulses in the pulse train can be controlled by adjusting the relative linear excess phase of the signal pulse.
Conclusion
In conclusion, a novel method of direct temporal pulse shaping via temporal phase amplification has been proposed and analyzed. While the method fundamentally relies on the process of PSTWM, significant benefits in ultrafast pulse shaping are derived with the assistance of GVM.
The proposed implementation of the method is in a degenerate and collinear configuration, where pump pulses can be readily produced from the same source. Our analysis indicates that the simple quadratic variation of temporal phase facilitates pulse compression and self-steeping, with features significantly shorter than the transform-limited original pulse. Thus PSTWM can act as a direct pulse compressor based on the intertwined effect of phase amplification and GVM, even without the subsequent phase compensation. Furthermore, it has been shown that pulse doublets and pulse trains can be produced at the pump frequency by utilizing residual linear phase in the signal.
Since the PSTWM is sensitive to both pulse amplitude and phase and can be tuned by adjusting the time-varying phase of one or both of the incident pulses, considerably more control is available than in other nonlinear pulse shaping methods demonstrated to date. Phase sensitivity mandates the use of a single source to produce both the signal and the pump pulses for robust practical applications, with the simplest implementation in a degenerate, collinear configuration described at length in this work.
